
ERM - POL 2007 (série 3, question 2) - Benoit Baudelet Analyse

Calculer

∫

2

1

3

x3 + 1
dx.

Remarque : ln 2 ≈ 0, 7, ln 3 ≈ 1, 1 et
√
3π ≈ 5, 4.

Calculons préalablement

∫

3

x3 + 1
dx. Puisque x3 + 1 = (x + 1)(x2 − x + 1), décomposons

3

x3 + 1
en fractions partielles :

3

x3 + 1
=

3

(x+ 1)(x2 − x+ 1)
=

A

x+ 1
+

Bx+ C

x2 − x+ 1
=

(A+B)x2 + (−A+B + C)x+ (A+ C)

(x+ 1)(x2 − x− 1)

Ainsi :
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
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A+B = 0

−A+B + C = 0

A+ C = 3
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A = 1

B = −1

C = 2

∫

3

x3 + 1
dx =

∫
(

1

x+ 1
+

−x+ 2

x2 − x+ 1

)

dx

=

∫
(

1

x+ 1
+

−1

2
(2x− 1) + 3

2

x2 − x+ 1

)

dx

=

∫

1

x+ 1
dx+

∫ −1

2
(2x− 1)

x2 − x+ 1
dx+

∫

3

2

x2 − x+ 1
dx

= I1 + I2 + I3

Les deux premières primitives se calculent aisément :

• I1 =

∫

1

x+ 1
dx = ln |x+ 1|+ k

• I2 =

∫ −1

2
(2x− 1)

x2 − x+ 1
dx = −1

2

∫

(x2 − x+ 1)′

x2 − x+ 1
dx = −1

2
ln(x2 − x+ 1) + k′

Pour calculer I3, remarquons que x2 − x+ 1 = (x− 1

2
)2 + 3

4
. Ainsi :

I3 =

∫

3

2

x2 − x+ 1
dx =

3

2

∫

dx

(x− 1

2
)2 + 3

4

dx =
3

2
· 2√

3
arctan

x− 1

2√
3

2

+k′′ =
√
3 arctan

2x− 1√
3

+k′′

Finalement

I =

∫

3

x3 + 1
dx = ln |x+ 1| − 1

2
ln(x2 − x+ 1) +

√
3 arctan

2x− 1√
3

+K



Revenant à l’intégrale définie, on a

∫

2

1

3

x3 + 1
dx = ln |x+ 1| − 1

2
ln(x2 − x+ 1) +

√
3 arctan

2x− 1√
3

]2

1

=

(

ln 3− 1

2
ln 3 +

√
3 arctan

√
3

)

−
(

ln 2− 1

2
ln 1 +

√
3 arctan

√
3

3

)

= 1

2
ln 3− ln 2 +

√
3

(

π

3
− π

6

)

= 1

2
ln 3− ln 2 +

π
√
3

6

≈ 1

2
· 1, 1− 0, 7 + 1

6
· 5, 4 = 0, 55− 0, 7 + 0, 9 = 3
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